Abstract. Let Λ be a robustly transitive set of a diffeomorphism f on a closed C ∞ manifold. In this paper, we characterize hyperbolicity of Λ in C 1 -generic sense.
Introduction
A fundamental problem in differentiable dynamical systems is to understand how a robust dynamic property (that is, a property that holds for a system and all C 1 nearby ones) on the underlying manifold would influences the behavior of the tangent map on the tangent bundle. In this paper, we study the robust dynamic property for a transitive set. Let M be a closed C ∞ manifold, and let Diff(M ) be the space of diffeomorphisms of M endowed with the C 1 -topology. Denote by d the distance on M induced from a Riemannian metric · on the tangent bundle T M . Let f ∈ Diff(M ) and Λ be a closed f -invariant set. The set Λ is transitive if there is a point x ∈ Λ such that ω(x) = Λ. Here ω(x) is the forward limit set of x. Denote by f | Λ the restriction of f to the set Λ. A maximal invariant set of f in an open set U , denoted by Λ f (U ), is the set of points whose whole orbit contained in U, that is,
A set Λ is locally maximal in U if there is a compact neighborhood U of Λ such that Λ = Λ f (U ). Note that if Λ is locally maximal in U, then for any compact neighborhood V of Λ, Λ f (V ) = Λ f (U ) = Λ. Now, we introduce the notion of the robustly transitive set. Definition 1.1. We say the set Λ is robustly transitive set (or, f | Λ is robustly transitive) if (i) there is a neighborhood U of Λ and a
Note that a circle rotation f θ is transitive if θ is irrational, but f θ is not robustly transitive. To see this notice that if θ is rational, then every point in S 1 is periodic under f θ . A diffeomorphism f ∈ Diff(M ) is transitive if there is a point x ∈ M such that ω(x) = M . Analogously, f is robustly transitive if every g C 1 -closed to f also is transitive. By the definition of the robustly transitive set, we know that robust transitivity is an open condition. It is an important research area of the global dynamics. In fact, there is a great deal of complexity seen in these systems that is still not well understood. In the case of two dimensional systems many things are fairly well understood, but in case of higher dimensional systems there are many things which are unknown.
From now, we introduce nonhyperbolic type robustly transitive diffeomorphisms. First, Mañé [8] constructed that there exists a diffeomorphism f on the three dimensional torus T 3 satisfies for the diffeomorphism f ∈ Diff(T 3 ), there is a C 1 -neighborhood U(f ) of f such that every g ∈ U(f ) is transitive, but not Anosov. Second, Shub [11] constructed the nonhyperbolic robustly transitive diffeomorphisms in the four dimensional torus T 4 = T 2 × T 2 by perturbing the product of a derive from Anosov(DA) diffeomorphisms and an Anosov, where derive from Anosov diffeomorphisms is defined on the two torus T 2 which are obtained via saddle-node bifurcations of Anosov systems -the unfolding of the bifurcation derives to the derive form Anosov diffeomorphisms whose nonwandering set is a source and a nontrivial hyperbolic attractor (see [12] ). Note that the derive from Anosov diffeomorphisms on T 2 construct robustly nonhyperbolic transitive (see [4] ). Finally, Bonatti and Díaz [2] shown that one can perturb the product of any diffeomorphism F having a hyperbolic transitive attractor Λ F and the identity id on any closed manifold to obtain H C 1 -closed to F × id with a robustly nonhyperbolic transitive attractor Λ H . Especially, Λ H = Λ H (U ) for some neighborhood U , and Λ H (U ) is robustly transitive. In particular, all robustly transitive diffeomorphisms are nonisotopic to the identity, but there are robustly nonhyperbolic transitive diffeomorphisms isotopic to the identity. Actually, in [2] , the author constructed that given any transitive Anosov vector field X, let X t be the flow of X at t ∈ R. Then we can perturb X t to obtain a robustly transitive diffeomorphisms.
From the above fact, one can obtain robustly nonhyperbolic transitive sets via cycles containing periodic points of different indices (dimension of the stable manifold). Therefore, we see that the nonhyperbolic robustly transitive set is always contain periodic points with different indices and coincide with the closure of their transverse homoclinic points (i.e., the transverse intersections between the invariant manifolds of a periodic point) (see [5] ). From the facts, in this paper, we study that if the any dimensional robustly transitive diffeomorphisms satisfies some condition then it is hyperbolic.
We say that Λ is hyperbolic if the tangent bundle T Λ M has a Df -invariant splitting E s ⊕ E u and there exist constants C > 0 and 0 < λ < 1 such that
for all x ∈ Λ and n ≥ 0.
Recall that an invariant set Λ is basic set if it is hyperbolic, locally maximal and the set of periodic points in Λ is dense in Λ. The following theorem by Mañé ( [9] ) motivates our main theorem. Theorem 1.2. Let M be a surface and Λ be a robustly transitive set. Then Λ is a basic set.
Note that in one dimension, there is not robustly transitive diffeomorphism. Because, the diffeomorphisms with finitely many hyperbolic periodic points are open and dense in Diff(S 1 ). We say that Λ is dominated splitting if the tangent bundle T Λ M has a Dfinvariant splitting E ⊕ F and there exist constants m > 0 and 0 < λ < 1 such that
for all x ∈ Λ. A Df -invariant bundle E defined on Λ is called uniformly contracting (resp. expanding) if there are constants C > 0 and λ ∈ (0, 1) such that for every n > 0, one has
for all x ∈ Λ and v ∈ E. The set Λ is called partially hyperbolic if there is a dominated splitting T Λ M = E ⊕ F such that either E is uniformly contracting or F is uniformly expanding. The stable manifold W s (p) and the unstable manifold W u (p) are defined as following. It is well known that if p is a hyperbolic periodic point of f with period k, then the sets
are C 1 -injectively immersed submanifolds of M. It is clear that robustly transitive set enjoys some property of hyperbolicity such as uniform hyperbolicity, partial hyperbolicity or dominated splitting. In this paper, on arbitrary dimension manifold, in generic context (see definition below), we will study the relationship among robust transitivity, hyperbolicity and the following condition. Condition (P): Let Λ be a closed invariant set. For any hyperbolic periodic points p, q in Λ, we have
Here, W s (p) and W u (p) are the stable manifold of p and the unstable manifold of p, respectively.
A
subset G ⊂ Diff(M ) is called residual if it contains a countable intersection of open and dense subsets of Diff(M ). A property is called C
1 generic if it holds in a residual subset of Diff(M ). We use the terminology for C 1 -generic to express there is a residual subset G ⊂ Diff(M ), and if f ∈ G. The following is main theorem in this paper. Theorem 1.5. Let Λ be a robustly transitive set. For C 1 generic f, if f satisfies condition (P ), then Λ is hyperbolic.
Proof of Theorem 1.5
Let M be arbitrary dimensional manifold, and f ∈ Diff(M ). The following theorem by Mañé [9] will be crucial to prove our main theorem. Theorem 2.1. Let Λ be a closed f ∈ Diff(M )-invariant, and let f | Λ be robustly transitive. The following statements are equivalent:
(i) there is a C 1 -neighborhood U(f ) of f such that for any g ∈ U(f ), any periodic point of Λ g (U ) = n∈Z g n (U ) is hyperbolic and has the same index; (ii) there is a C 1 -neighborhood U(f ) of f such that for any g ∈ U(f ), Λ g (U ) is hyperbolic.
Note that if p is a hyperbolic periodic point of f , then there is a C 1 -neighborhood U(f ) and a neighborhood U of p such that for all g ∈ U(f ), there is a unique hyperbolic periodic point p g ∈ U of g with the same period as p and index(p g ) = index(p). Here index(p) = dimE s p , and the point p g is called the continuation of p. Lemma 2.2. There exists a residual set G 1 ⊂ Diff(M ) such that for any f ∈ G 1 , we have the following property. For any C 1 -neighborhood U(f ) of f there is g ∈ U(f ) such that g has two distinct hyperbolic periodic points p g , q g ∈ P (g) with different indices then f has two distinct hyperbolic periodic points p, q ∈ P (f ) with different indices.
Proof. Take a countable basis B = {U n } n∈N of M. For each U n ∈ B, we defined by H n the set of all diffeomorphisms f such that f has a C 1 -neighborhood U(f ) of f with the following properties: for any g ∈ U(f ), there are p g , q g ∈ U n , in distinct periodic hyperbolic points of g with different indices. Then it is clear that H n is open in Diff(M ) for each n ∈ N. Let
Then H n ∪ N n is an open and dense subset of Diff(M ). Put
is a residual subset of Diff(M ). Then
is also a residual subset of Diff(M ). Let f ∈ G 1 . Suppose that for any C 1 -neighborhood U(f ) of f , there exist g ∈ U(f ) and U n ∈ B such that p g and q g in distinct hyperbolic periodic points of g with different indices which are elements in U n . Then f ∈ H n . Since f ∈ G 1 we know that f ∈ H n . Thus there are p, q in distinct hyperbolic periodic points of f with different indices. Moreover, if Λ is a closed f -invariant locally maximal in U, then there is k ∈ N such that Λ ⊂ U k ⊂ U. For U(f ), there is g ∈ U(f ) and two hyperbolic periodic points p g and q g ∈ P (g) with different indices such that p g , q g ∈ U k ⊂ U. From the above proof, f having two distinct hyperbolic periodic points p and q with different indices. Since Λ is locally maximal in U, p, q ∈ Λ. Now, we introduce the notion of the weak eigenvalue (see [13] ). Let p be a periodic point f. For 0 < δ < 1, we say p has a δ-weak
. Note that if p is a hyperbolic periodic point of f , then p does not have the δ-weak eigenvalue. Because if p has a δ-weak eigenvalue, then by Franks' Lemma, there exist a diffeomorpshism g C 1 -nearby f such that the periodic point p g has an eigenvalue, say λ, and |λ| = 1. Thus this is a contradiction by the stability theorem. ). There exists a residual set G 2 ⊂ Diff(M ) such that if f ∈ G 2 then fix δ > 0, if for every neighborhood U(f ) of f there exist g ∈ U(f ) and p g ∈ P h (g) with a δ-weak eigenvalue then there exists p ∈ P h (f ) with a 2δ-weak eigenvalue, where P h (f ) is the set of hyperbolic periodic points of f. 
is not hyperbolic, then there is g 1 ∈ U(f ) possessing hyperbolic periodic points q 1 and q 2 in Λ g1 (U ) with different indices, where Λ g1 (U ) = n∈Z g n 1 (U ). Proposition 2.5. There exists a residual set G 3 ⊂ Diff(M ) such that if f ∈ G 3 , and Λ is the robustly transitive set for f which satisfies condition (P ), then there exist δ > 0 such that no point in Λ has a δ-weak eigenvalue.
Proof. Let G 3 be the residual given by the intersection G 1 and the set of KupkaSamle diffeomorphisms. We will derive a contradiction. Let f ∈ G 3 , and U(f ) be a C 1 -neighborhood of f . Suppose that for n ∈ N, there is p n ∈ Λ ∩ P (f ) such that p n has a 1/n-weak eigenvalue. By Franks' Lemma and Lemma 2.4, there exists g ∈ U(f ) such that g have two distinct periodic orbits p g and q g ∈ Λ g (U ) = n∈Z g n (U ) with different indices. Since f ∈ G 3 , f has two different periodic orbit p and q in Λ with different indices. Since f satisfies condition (P) and f is a Kupka-Samle diffeomorphism, this is a contradiction.
Denote by F (M ) the set of f ∈ Diff(M ) such that there is a C 1 neighborhood U(f ) of f such that for any g ∈ U(f ) and every p ∈ P (g) is hyperbolic. In [7] , Hayashi proved that f ∈ F (M ) if and only if f satisfies both Axiom A and no-cycle condition. To prove Theorem 1.5, it is enough to show f ∈ F (M ). Then we get Theorem 2.1.
End of proof of Theorem 1.5. Let f ∈ G = G 2 ∩ G 3 and let U(f ) be a C 1 -neighborhood U(f ) of f . The proof is by contradiction. Suppose that f ∈ F (M ). Then there exist g ∈ U(f ) and δ > 0 such that non-hyperbolic periodic point p g ∈ P (g) and p g has a δ/2 weak eigenvalue. By Remark 2.3, f has a δ-weak eigenvalue which is a contradiction, by Proposition 2.5. The theorem is proved.
